We show that N = 1 supergravity with a cosmological constant can be expressed as constrained topological field theory based on the supergroup Osp(1|4). The theory is then extended to include timelike boundaries with finite spatial area. Consistent boundary conditions are found which induce a boundary theory based on a supersymmetric Chern-Simons theory. The boundary state space is constructed from states of the boundary supersymmetric Chern-Simons theory on the punctured two sphere and naturally satisfies the Bekenstein bound, where area is measured by the area operator of quantum supergravity. *
Introduction
In this paper we describe a formulation of quantum supergravity with a finite cosmological constant, in the presence of a timelike boundary with finite spatial area. We show that, as in the case of quantum general relativity [1, 2] , a holographic formulation of the theory naturally emerges. This work is part of a series of papers [3, 4, 5] in which we are extending to quantum supergravity the methods [6, 7, 8, 9, 10] which have been developed successfully to formulate quantum general relativity 1 .
The particular interest in this paper is the form of the boundary theory, which turns out to be built from the states of a supersymmetric Chern-Simons theory based on the superalgebra Osp(1|2) ⊕ Osp(1|2). We believe that, when extended to the N = 8 case, these results will be significant for the understanding of the AdS/CFT conjecture in 3 + 1 dimensions. The extension of our results to the N = 2 case may also make possible the detailed comparisons of the string theory and loop quantum gravity description of boundaries and horizons [1] .
These questions will be the subject of further papers in this series.
Along the way, the key idea that we exploit is that supergravity, as well as general relativity [1] , can be understood as a constrained topological quantum field theory. This emerged already in several papers [13, 14] . This fact is responsible for the characteristic form of the boundary theory, as made up of conformal blocks coming from representations of topological field theory.
For the case in which spacetime has a time like boundary with finite area, the holographic principle can be stated as follows [1, 2, 15, 16, 17, 18] .
1) The hilbert space H B for all states of a quantum gravity theory on the interior of a spacial manifold M must be decomposable in terms of eigenspaces of an observableÂ that measures the area of the boundary B = ∂M. Thus,
where a are the eigenvalues of the area operatorÂ. We write the decomposition as a sum becauseÂ is has been shown to have a discrete spectra, assuming only that it may be regulated in a way that results in an operator that is finite and diffeomorphism invariant [6] .
2) The physical state spaces H a must have finite dimension bounded by
3) A complete measurement of a state in H B must be possible using only elements of an observable algebra A B associated with measurements that can be made on the boundary B.
The areaÂ must be one of these observables.
This is a powerful clue, because quantum field theories with finite dimensional Hilbert spaces are not common (even the harmonic oscillator has an infinite dimensional Hilbert space.) The only large class of such theories are topological quantum field theories (TQFT).
A natural strategy for formulating holographic quantum theories of gravity is then to look for quantum field theories in d + 1 dimensions that induce T QF T 's on their d dimensional boundaries. One advantage of such a formulation is that it is already in a language which is background independent and non-perturbative.
As shown in [1, 2] , quantum general relativity is exactly this kind of theory, as it can be understood to arise from a topological field theory by the imposition of certain constraints.
We have also found this to be true of 11 dimensional supergravity, at least at the classical level [28] . The main goal of this paper is to extend that analysis to quantum supergravity.
In all these cases there is a set of exact physical quantum states in the bulk, associated
with the boundary states [19, 20] . Besides being exact descriptions of the Planck scale structure these states also have semiclassical interpretations in terms of fluctuations around AntideSitter or deSitter spacetimes [19, 21] .
That such results are possible at all may seem very mysterious, given that these theories are perturbatively non-renormalizable. They are possible because these are not just any non-renormalizable theories; they have special structures, which are in fact closely related to topological field theories. In fact, general relativity and supergravity ( at least for N = 1, 2)
can be formulated as constrained topological field theories. This means that the derivative and boundary terms in the action are the same as in a related topological quantum field theory.
The local degrees of freedom are introduced by a set of local constraints that do not involve the derivatives of the gravitational fields, and so do not alter the commutation relations of the quantum theory. It is this special structure that makes possible the holographic formulation of these theories, as well as a long list of other non-perturbative results, in both the canonical [22] and path-integral [23, 24] frameworks.
A holographic formulation has been constructed for the quantum general relativity.In fact, it has been known for some time that general relativity in 3 + 1 dimensions with a non-vanishing cosmological constant can be formulated in such a way that it induces a 2 + 1 dimensional T QF T on its finite boundary. This theory has exactly the form just described, where the finite dimensional Hilbert spaces on the finite boundaries of a given area are built from the conformal blocks of an SU(2) q , W ZW conformal field theories on punctured spheres [1] . The area of the boundary is given by the sum of the total spins of the punctures, and the level k is related to the cosmological constant by k = 6π/G 2 Λ [1, 25] . This new formulation is treated in [1] . The basic framework developed there is based on a representation of general relativity as a constrained topological field theory (T F T ). The starting point is a T F T for an algebra G, taken to be Sp(4). This theory has no local degrees of freedom, but induces degrees of freedom on finite boundaries which arise from a 2 + 1 dimensional Chern-Simons theory on the boundary. The local degrees of freedom are introduced by imposing constraints, which break the gauge symmetry to a subgroup H = SU(2) L ⊕SU(2) R . The result is that the physical degrees of freedom live in the coset G/H. The degrees of freedom on the boundary are also restricted to those of a Chern-Simons theory for H, but with curvatures constrained by the degrees of freedom in the coset, which turn out to parameterize the induced metric in the boundary. Further, the generators of the gauge transformations for the coset G/H do not disappear, they instead emerge as the generators of four dimensional diffeomorphisms.
Extended to the boundary theory, they define the Hamiltonian of the theory.
In this paper we extend this construction to the N=1 chiral supergravity. We organize the paper as follows. In section two we rewrite the N=1 chiral supergravity [11] in the formulation of Osp(1|4) constrained super BF theory. Then in the following section we give the canonical formalism of the theory. The boundary formulation of the model which has finite boundary is described in section four. In section five we give the quantum mechanical description of the theory, and show that the space of boundary states can be constructed from the state space of an Osp(1|2) Osp(1|2) Chern-Simons theory. We show that as in quantum general relativity, the Bekenstein bound is naturally satisfied [1] . We conclude the paper with a discussion of future directions.
2 Supergravity as a constrained topological field theory N = 1 supergravity can be written in a chiral formulation in terms of the pure spin connection [11] . Here we'll show it can be written down directly as a constrained B ∧ F theory by extending the algebra of the connection from Sp(4) to Osp(1|4, R). This is similar to the way that supergravity was established as a constrained BF theory by Sano [13] and Ezawa [14] .
The Osp(1|4) superalgebra is a graded extension of the Sp(4) Lie algebra. It is generated by bosonic generators J AB , J A ′ B ′ , and J AA ′ which span the sp(4) algebra and fermionic gener-
where G is the bare gravitational constant and the Λ is cosmology constant.
The supertrace, Str, may be defined acting on the generators. The non-vanishing terms
The configuration variables of the theories we will study here are the components of the connection one form of Osp(1|4).
where l is a constant with the dimension of length. We see that it includes the vierbein one-form e AA ′ and gravitino and anti-gravitino one forms ψ A and χ A ′ .
The curvature two form F is
The components of the curvature are,
To construct the action we will need a Lie algebra valued two form B, whose components are labeled.
We can now write the action for the Osp(1|4) BF theory.
Here g,e are dimensionless constants. Note that µ appearing in (4) and (12) is another dimensionless constant.
The super-BF theory is a topological quantum field theory in that it has no local degrees of freedom We now follow the method introduced in [2] and construct the action for supergravity by constraining the fields of the topological super-BF theory. To do this we break some of the gauge invariance by imposing local, non-derivative constraints. The supergravity action is
where
In components this action is
Note that the field equation for B AA ′ yields,
Thus B AA ′ carries the information as to the torsion, so that
The other field equations will eventually set B AA ′ to zero, hence this part of the action is redundant and can be dropped. This simplifies the resulting canonical analysis, but does not affect the field equations. Once this is done the action splits into left and right handed pieces
The right handed piece is formally the conjugate of the left handed piece that results from switching primed and unprimed indices. We will see shortly how the reality conditions arise, whose effect will be to require that they are complex conjugates of each other.
To see that (20) is an action for N = 1 supergravity we proceed to solve the constraint
Substituting the solutions to (20), we find the action taking the form
If we define the dimensionless constants as follows
Then:
This is the same action as the CDJ formalism [26] after we solve the constraint equations associated to the Lagrangian multipliers φ ABCD and κ ABC [11] . We may note that the cosmological constant is zero if e 2 g 2 = 2, at which point µ = −1.
The Canonical Formalism of N=1 SCBF theory
We now study the canonical formalism for N = 1 supergravity based on the fields just introduced. Our main goal is to understand those issues which arise in the supergravity case. These mainly have to do with how the anticommutation relations between the left and right handed supersymmetry constraints arise and how they come to close on the spatial diffeomorphism and hamiltonian constraints.
In this section we ignore the possibility of boundary terms. Many of the expressions will later be modified by the presence of boundary terms.
The 3 + 1 decomposition of the action.
In the last section we see that N = 1 supergravity can be written as a constrained topological field theory based on the supergroup Osp(1|4). The total action can be expressed in terms of the component fields
We proceed with the 3+1 decomposition of the action. We assume the spacetime has hyperbolic structure and has the topology of R × Σ. We then express the action in terms of space and time independently
Here 0 is the time-like index and a, b, c(= 1, 2, 3) are space-like indices. From (27) , we define the non-vanishing momenta for the forms
The other momenta for the forms B, λ,and e 0A ′ B ′ vanish. We then rewrite the action as
The primary constraints
We first consider those constraints associated with Lagrange multipliers λ 0 . The solutions to these equations will help to simplify the other constraints. To break the topological gauge symmetry of the BF theory, and in the process introduce the local degrees of freedom, additional constraints have been introduced in (27) . Their canonical form can be read off of (30), yielding
These equations set the π aA ′ B ′ , π aAB , π aA and π aA ′ to be the duals of the two forms constructed by the frame fields and the spinor fields.
We first discuss the solution to the bosonic constraints (31) and (32) . These are the same as in general relativity and we refer the reader to [2] for more discussion of the following points. We introduce the quantities N AA ′ which is defined as
where t µ is the timelike unit normal satisfying t µ t µ = −1. 
where h is the determinant of the spatial metric h ab .
Notice that there is a secondary constraint, which is
This expresses the reality conditions. We will later use a consequence of this, which expresses the idea that the areas of surfaces defined from the left handed fields are equal to the areas defined from the right handed fields [2] .
We now come to the treatment of the fermion variables. There is a difficulty which arises from equations (33) and (34) . These tell us that the Poisson antibracket {ψ A , χ A ′ } is non-zero. Hence the configuration space can't contain both fermionic fields ψ A and χ A ′ and we cannot construct a quantum theory in terms of simultaneous eigenstates of ψ A and χ A ′ .
This is a well known problem in fermionic theories, there are two ways of handling it.
Treatment of the fermionic constraints: method 1:
We break the left-right symmetry immediately and choose, arbitrarily to diagonalize one of the fermion fields, say ψ A , while treating the other, χ A ′ , as a momentum field. This means that we will choose a representation such that
in which the action of χ A ′ will beχ
Here for convenience we'd like to choose the conjugate pairs (A 
with the rest being zero. We need to solve for the other variables e
a in terms of the canonical momenta from equations (36)-(43). To do this we solve the remaining primary constraints (33) and (34) to find,
Proceeding from here we quickly reach the form of canonical supergravity discussed already by Jacobson in [11] .
Treatment of the fermionic constraints: method 2:
The second method is to keep left-right symmetry at the cost of keeping in the theory both sets of fermionic variables, along with the constraints that imply their redundancy. This will be convenient for the study of the boundary theory as well as the quantization.
To do this we find the secondary constraints which are analogous to (38) which impose the relations between the left and right fermionic variables. Taking linear combinations of (33) and (34) we find that
By adding and subtracting we get an equivalent set of constraints
eliminating e A bA ′ we have
3.5 Elimination of the lagrange multipliers λ.
We will want to eliminate the λ AB and λ A ′ B ′ from the canonical theory. This can be done by solving the constraints that follow from the vanishing of the canonical momenta for
These are second class constraints and can be solved to eliminate λ bcAB , λ bcA ′ B ′ , λ bcA , and λ bcA ′ in terms of the other variables:
The Gauss and supersymmetry constraints
Now we come to the constraints that impose the Osp(1|2) L ⊗Osp(1|2) R local gauge symmetry.
These are
where (55) (56) are used to cancel the multipliers λ 
and R A ′ seems not to be conjugate of L A 3 . However, using (36)- (43) and (18), we can change the form ofR A ′ and find,
To show this, we only need consider the key term and find it can be changed into the following expression,
Combining these equations together we find:
They are conjugate of each other indeed! We may also note that if we write
we have
If we consider the Poisson brackets between the G AB and G L A , we find that they does form a close algebra for Osp(1|2) as in the case of chiral supergravity
where G and G L are the constrained functional smeared on the three dimensional space.
The same is true for the combination of the G A ′ B ′ and G A ′ . So all these equations form the super Gauss's law which generates the Osp(1|2) L ⊕ Osp(1|2) R gauge transformations of the canonical variables.
In this sense we can say our model is combining two copies of the chiral supergravities into one.
We still have to discuss the commutator of G A with G A ′ . This requires more work as it involves the hamiltonian and diffeomorphism constraints.
The hamiltonian and diffeomorphism Constraints
We come finally to the constraint associated with the Lagrangian multiplier e 0AA ′ . As in [2] these will contain the Hamiltonian and diffeomorphism constraints. We have
To understand this constraint better, we try to change it into a new form in which G AA ′ is divided into two conjugate parts (C AB , C A ′ B ′ ).
To find the forms of C AB and C A ′ B ′ we need only to plug all the solutions (36)-(43) and (53)-(56) into (73), then we find C AB and C A ′ B ′ have the following form
As is the case in general relativity [2] , it turns out that the four constraints C AB contain both the diffeomorphism and hamiltonian constraints of the supergravity. If we only consider the terms only involving the variables π a AB and F abAB , then the constraints go back to those of the quantum general relativity [2] .
The boundary theory
We are now ready to focus on the construction of the boundary theory. We follow the formulation given in [2] for general relativity with Lorentzian signature. This is related to the Euclidean formulation given in [1] , but differs from that in several significant aspects.
We study first the addition of a boundary to the action and equations of motion. Once this is understood we will proceed to their expression in the Hamiltonian formulation.
Boundary terms in the action and equations of motion
In the presence of the boundary, the ordinary variations of the action are not well defined unless boundary terms are added to the action and some boundary conditions are imposed.
These must be chosen so as to cancel the boundary term in the variation of the action, so that the total action is functionally differentiable. We will assume that M has the topology of R × Σ, so that ∂M ≈ R × ∂Σ, where ∂Σ is a compact two manifold. We will assume here that ∂Σ ≈ S 2 , but it is not difficult to consider the more general case.
It's very interesting that the total action (20) can be supplemented by the Osp(1|2) L ⊕ Osp(1|2) R super Chern-Simons term with the appropriate boundary condition
Where (F AB ,F A ) and (F A ′ B ′ ,F A ′ ) are components of the curvature of the one form connection of Osp(1|2) L and Osp(1|2) R respectively. They are of the form
If we take the variation of the total action
we require that the boundary terms vanish. In order to induce a local boundary theory, we require that the integrand of the boundary term in the variation vanish. This leads to the following conditions,
There are several ways to satisfy these conditions. Taking the boundary term involving δA AB as an example, we find
• One can fix the variable A a on the boundary:
• One can take the self-dual conditions for the curvatureF abAB :
• We can consider some combination of these two conditions in which (84) is imposed on some components of the connection while (85) is imposed on the others.
The first case is simple, but leads to a reduction of the local gauge invariance on the boundary. The next simplest case would be the second (85). This is what was done for the Euclidean theory in [1] . An advantage of this condition is that it leads to no reduction of the local gauge symmetry on the boundary. However, in the Lorentzian case, (85) is too strong, as it can be shown that all of its solutions correspond to a surface wiggling in a fixed AdS space time. By counting there is one degree of freedom, but this turns out to correspond to local longitudinal motions of the surface.
This problem does not arise in the Euclidean case studied in [1] because the left and right handed components of the connection are independent. It is a consequence of the fact that in the Lorentzian theory they are instead related by the reality conditions, which require that they are complex conjugates of each other.
If our boundary conditions are to allow an infinite dimensional space of solutions we must then loosen the self-dual boundary conditions. We do this as follows.
We begin by imposing a time slicing of the boundary, which corresponds to some choice of time coordinate t on ∂M. We then restrict attention to a spatial slice of the boundary at fixed t =constant. We proceed by specifying a set of preferred points on the spatial boundary, which will be called punctures. They will correspond to points where the spin network states meet the boundary in the quantum theory. Each puncture is surrounded by a region of the spatial boundary. In each region we introduce local coordinates (r, θ) which are angular coordinates with the puncture at the origin. These can then be joined yielding a single coordinate patch on the whole punctured sphere, which reduces to an angular coordinate system in the neighborhood of each puncture. Bringing back t we then have a coordinate system (r, θ, t) on the whole of ∂M minus the world lines of the punctures.
Then we put the following conditions for the components of the fields
The first two equations, (86) and (87) correspond to imposing the self-dual boundary conditions on the components F rθ and F tθ . But instead of constraining the F rt component we impose the third condition (88). The radial component of the connection, A r , is thus unrestricted and is free to evolve with time.
It can be checked that when these conditions have been imposed the bulk theory is not trivial and has an infinite number of solutions.
We can then write the boundary conditions in terms of the component fields, yielding,
Consistency with the field equations leads to relationship between the constant k and the cosmological constant,
Boundary terms in the canonical theory
Next we describe the expression of the boundary terms and conditions on the canonical theory. The first effect to take into account is that the boundary terms alter the definition of the momenta of the fields, due to the fact that (77) contains time derivatives,
where ǫ ab is the area element induced by the volume element on the surface with
The Gaussian constraints can be expressed as:
Where
and
The Gauss functional can be obtained by smearing the constraint on the spatial manifold with the appropriate boundary terms,
In the canonical theory the constraint then has a boundary term:
This leads to the canonical form of the boundary terms.
Notice that this corresponds with one of the components of the boundary terms we imposed in the lagrangian theory (86). The boundary conditions (87) do not arise in the same way, as they involve the time components of fields, which become lagrange multipliers in the canonical theory. The last components of the lagrangian theory (88) persist in the Hamiltonian theory. These in fact correspond to the fact that in the quantum theory the labels of the punctures are fixed and do not evolve in time.
In a similar way, the boundary term on the supersymmetric constraints can be derived as follows:
and the supersymmetric functional is
Comparing (109) with (81), we have
From above consideration, we find both Gauss constraint and the supersymmetric constraint are well defined on the spatial surface if we impose the self-dual conditions for the curvatures.
Quantization of the theory
We are finally ready to discuss the quantization of supergravity, in the presence of boundary conditions (86-88). We follow the methods of loop quantum gravity [6, 7, 8, 9, 10] , extended to theories with finite boundaries in [1, 2] . Two important parts of the theory are the spin network basis [6, 7] which we extended to supergravity in [3] , and the ChernSimons state [19, 21] , which was extended to supergravity in [13] . The combination yields framed or quantum-deformed supersymmetric spin networks, which are constructed from the representation theory of quantum deformed Osp(1|2) [27] .
The method of treating the relationship between the boundary and bulk theory we use was developed in [1] and then extended to theories with Lorentzian signature in [2] . Here we describe only the results, the reader is referred to [1] and [2] for detail.
There is a well known non-perturbative procedure to deal with the quantization of the bulk theory in the case of general relativity [6, 7, 8, 9, 10] . A set of complete but independent basis of the quantum states can be constructed by means of spin networks. It is a trivalent graph Γ in which each node join some links. Associated every link, there is a spin j i which satisfies some conditions at the node, which is also labeled by an intertwiner ν e . Recently we extended these techniques to the N=1 chiral supergravity with super Lie algebra Osp(1|2) [3] . It turns out that an analogous supersymmetric spin networks can be established for the theory. In particular in the basis of super spin networks the spectrum of the area operator can be computed out and partly diagonalized. For tri-valent spin networks its eigenvalues have a discrete form given by [3] :
Where l p is the Planck length and j i = There is a similar case as in quantum general relativity that we need impose the balanced conditions to the pairs of(j L , j R ) and(ν L , ν R ) to coincide with the reality condition of the theory. These conditions are j L = j R and ν L = ν R .
All the construction above can be extended without difficulty to the quantum deformed version of the superalgebra, U q (Osp(1|2)), whose representation are finite dimensional and bounded by the generic q. 4 The q-deformed formalism of the supergroup give some modification to the spectrum of the area but having a similar expression as the ordinary one,
If we impose all the constraints on the state space quantum mechanically and require the results of their action vanish, we could find a set of physical states which actually is the 
Conclusions
In this paper we have extended to the case of N = 1 supergravity the basic facts about finite area boundary conditions worked out previously for quantum general relativity in [1, 2] .
Here we have treated the case of timelike boundaries following [2] , it is straightforward also to find the same results for the Euclidean theory with cosmological constant by restricting to the left handed sector and then Euclideanizing, as in [1] . A natural extension of the ChernSimons boundary conditions studied in [1] to null boundaries, suitable for the descriptions of horizons, has been worked out in [29] , following observations made in [30] . Following the results given here it should be straightforward also to extend these results to supergravity.
Another important thing yet to be done is the construction of quasi-local operators on the boundary which represent the hamiltonian and supersymmetry charges. It may be hoped that this may resolve issues concerning the positivity of the Hamiltonian in loop quantum gravity [31] .
The next works in this series will extend these results to N = 2 supergravity, which should make possible the detailed description of BP S states and BP S black holes in the langauge of loop quantum gravity. This should make possible the direct comparison of the results on black hole state counting coming from string theory and loop quantum gravity.
Another application of these results may be to an explicit construction of the boundary conformal field theory in the AdS/CFT conjecture in 3 + 1 dimensions.
As a final remark we emphasize the natural way in which the Bekenstein bound is satisfied in quantum general relativity given only the imposition of the appropriate ChernSimons boundary conditions [1] . We see here that this extends naturally to supergravity.
This appears to make possible formulations of the holographic principle at the background independent level [32, 33, 34, 35] .
